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ABSTRACT 
Let N(n) be the maximal number of mutually orthogonal Latin squares of order n 
and let n, be the smallest integer such that N(n) >~ r for every n > nr. It is known 
that N(n) --> ov as n -~ ~ and that n2 = 6. A proof is given for na ~< 51, n5 ~< 62 
and nz9 ~< 34, 115, 553. 
1. INTRODUCTION 
A Latin square of  order n(n ~ 2) is an arrangement of  n distinct 
elements in n x n matrix in such way that in each row and in each column 
every element occurs exactly once in the whole matrix every element 
occurs exactly n times. 
Two Latin squares are said to be orthogonal  if  for every element a 
of one square and every element b of  the other one there exists exactly 
one pair  of  integers i , j  such that in the i-th row and j - th  column of  the 
first square is the element a and in the same place in the second square 
is the element b. r(r >~ 2) Latin squares are said to be mutual ly  orthogonal 
if  any two of them are orthogonal.  
Let N(n) denote the maximal number of  mutual ly orthogonal  Latin 
squares of  order n. It can easily be established (see, e.g., [5]) 
THEOREM 1. For every integer n >~ 2, N(n) <~ n -- 1. 
N(1) has no meaning, but in order to simplify the notat ion we shall 
assume N(1) = oo. 
Chowla, Erdrs ,  and Straus [4] proved that N(n) tends to infinity with 
n; in other words 
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THEOREM 2. For every positive integer r there exists n~ such that 
N(n) >~ r for every n ~ n~ . 
Let n, be the smallest integer satisfying Theorem 2. Chowla, ErdOs, and 
Straus [4] proved that, for r sufficiently large, n~ < 3r9L This result has 
been improved by Rogers [8], who proved that n~ < cr 42, where c is some 
constant. Bose, Parker, and Shrikhande proved [7, 2, 1 ]. 
THEOREM 3. N(n) ~ 2 for every integer n > 6. 
Considering the result of Tarry [9], that N(6)= 1, Theorem 3 is 
equivalent to the statement that n2 = 6. The purpose of this paper is to 
prove that n3 ~< 51, n5 ~ 62, and nz9 ~< 34, 115, 553. The method of 
proof will be similar to that of Bose, Parker, and Shrikhande [7, 2, 1] and 
like them we shall use the existence of some pairwise balanced esigns. 
Given a set E of v elements, a finite set K = {ki}~t of positive integers, 
and a positive integer A, we denote by a pairwise balanced design 
B[K, A; v] a system of blocks (subsets of E) such that the number of 
elements in each block is some ki ~ K and every pair of elements of E 
occurs together in exactly A blocks. The set of integers v for which pairwise 
balanced esigns B[K, A; v] exist will be denoted by B(K, A). 
Frequent use will be made of the following theorems: 
THEOREM 4 (Galois; see, e.g., [5]). I f  q is a power of a prime, then 
U(q) = q -  1. 
THEOREM 5 (MacNeish [61). N(ab) ~ min(N(a), N(b)). 
From Theorems 4 and 5 follows: 
THEOREM 6. I f  n = p~lp~, ... p]~ is the factorization of the integer n into 
powers of the distinct primes Pl ,  P2 ..... p , ,  then N(n) ~ min(p~, - -1) ,  
i=  1, 2,..., s. 
The fo!lowing theorems are due to Bose, Parker, and Shrikhande 
[7, 2, 1]: 
THEOREM 7. I f  v ~ B(K, 1), then 
N(v) >~ min(N(ki) -- 1), k i~K.  
THEOREM 8. I f  N(m) >/k  -- I, then for 1 <~ u <~ m, 
N(km + u) >7 min(N(u), N(k) -- 1, N(k -~ 1) -- 1). 
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2. PAIRWISE BALANCED DESIGNS 
Pairwise balanced esigns B[K, A; v], with K = {k} consisting of exactly 
one integer k ~> 3 are known as balanced incomplete block designs 
(BIBD). Such BIBD will be denoted by B[k,/~; v] instead of B[{k}, ~; v]. 
A BIBD B[q + 1, 1; q~ 4- q + 1] is a finite projective plane PG(2, q). I f  
we delete from PG(2, q) any block and its q -1- 1 elements we obtain a 
BIBD B[q, 1; qZ] which is a finite Euclidean plane EG(2, q) (see, e.g., [5]). 
It has been proved by Galois (see, e.g., [3]) that PG(2, q) and EG(2, q) 
exist if q is a power of a prime. 
The elements of finite planes are usually called points and their blocks 
are called lines. In a projective plane every two distinct lines intersect, i.e., 
have exactly one point in common. In an Euclidean plane EG(2, q) there 
are q § 1 families, each consisting of q parallel (i.e., disjoint) lines; lines 
belonging to different families intersect. Arranging the points of EG(2, q) 
in a q • q square array we may assume, without loss of generality, that the 
rows form one family of parallel lines and the columns another such 
family. 
Consider a finite Euclidean plane EG(2, q) and delete some of its points 
leaving exactly k ~< q -- 2 columns intact and further u points in one and v 
points in some other of the remaining columns. In this truncated plane 
each of the remaining--possibly truncated--lines has k, k -k 1, k + 2, 
u, v, or q points and by Theorem 7 follows: 
THEOREM 9. I f  q is a power of a prime and k ~ q - -2 ,  then for 
1 ~u~qand l  ~v~q,  
N(kq q- u q- v) ~ min(N(u), N(v), N(k), N(k q- 1), N(k -k 2)) -- 1. 
REMARK. In a similar way a stronger esult may be obtained, namely: 
THEOREM 9*. I f  N(m) >/k, then for 1 ~ u ~ m and 1 ~ v ~ m, 
N(km -k u q- v) ~ min(N(u), N(v), N(k) -- 1, N(k q- 1) -- 1, N(k q- 2) -- 1). 
However, the proof of Theorem 9* is more complicated and for our 
purposes Theorem 9is sufficient. 
For future use we need several specific pairwise balanced esigns. To 
construct hem denote the rows of EG(2, q) by r~, i---- 1, 2 ..... q, the 
columns by cj , j  ---- 1, 2,..., q and by a~.j the intersection point ofr~ and c~.. 
We prove: 
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B1. 164 e B({7, 8, 9, 16, 17, 19}, 1). 
Consider EG(2, 19). Delete the columns c l ,  c2 ..... Clo and the points 
ai, n , a2,1i , ai.i2 , a2,i~ . (1) 
Further delete 3 points from c13, none of  which is collinear with 2 points 
of  (1). 
B2. 118~B({7,8,  13, 16}, 1). 
Consider EG(2, 16). Delete the columns cl ,  c2 ,..., c9 but leave the 
points al, 1 , al,2, al,3, ai.4 , al,5, al,6 9 
B3. 116~B({7,8, 11, 16}, 1). 
Consider EG(2, 16). Delete the columns ct ,  c~ ,..., c~ but leave the 
points al,~ , al,2, ai.3 , ai,4 9 
B4. 90 e B({7, 8, 9, 11}, 1). 
Consider EG(2, 11). Delete the columns Cl, c2 and the points 
al,3, a2,a, ax,4, a2.4, a3,4  9 (2) 
Further delete 4 points from c5, none of which is collinear with 2 points 
of(2). 
BS. 82 ~ B({7, 8, 9, 11}, 1). 
Consider EG(2, 11). Delete the columns c l ,  c2, c3, c4 but leave the 
points ax,1, aa,2, al,a, al,4 and adjoin an additional point (oe) to a family 
of  parallel ines which are neither the columns nor the rows. 
B6. 76 E B({7, 8, 9}, 1). 
Consider EG(2, 9). Delete the points 
al.x, a2.1, aa,2, a2,2 (3) 
and a point from c 3 , which is not collinear with 2 points of  (3). 
B7. 75 e B({7, 8, 9}, 1). 
Consider EG(2, 9). Delete the points (3) and further 2 points from c3, 
none of which is collinear with 2 points of  (3). 
BS. 74 e B({7, 8, 9}, 1). 
Consider EG(2, 9). Delete the points 
al, i , a2,1 , al.o " , a3, 2 . (4) 
Let al.~ be the intersection of  the line through a2.~ and a3,2 with r l ,  and 
let/3 be an integer 3 ~</3 ~< 9,/3 9a a. Delete from c~ a point that is not 
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collinear with 2 points of (4) and from c~ delete two points none of which 
is collinear with any two of the already deleted points. 
B9. 69 ~ B({7, 8, 9}, 1). 
Consider PG(2, 8) and delete 4 points, no 3 of which are collinear. 
BIO. 68 ~ B({7, 8, 9}, 1). 
Consider PG(2, 8) and delete 5 points, no 3 of which are collinear. 
Bl l .  66 6 B({7, 8, 9}, 1). 
Consider EG(2, 9). Delete the columns cl ,  e2 but leave the points 
a1.1, al,z and adjoin an additional point (~)  to a family of parallel ines 
which are neither the columns nor the rows. 
B12. 58 ~ B({7, 8, 9}, 1). 
Consider EG(2, 8). Delete the column el but leave the point ala and 
adjoin an additional point (or) to a family of parallel ines, which are not 
the columns. 
From the existence of the pairwise balanced esigns BI-B12 follows by 
Theorem 7: 
THEOREM 10. N(v) >~ 5for v = 58, 66, 68, 69, 74, 75, 76, 82, 90, 116, 
118, 164. 
3. FIVE MUTUALLY ORTHOGONAL LATIN SQUARES 
THEOREM 11. If  n > 62, then N(n) ~ 5. 
PROOF: If (n, 30)= 1 (n and 30 are relatively prime), then from 
Theorem 6 follows that N(n) >/ 6. If (n, 30) > 1 put n = 7m + u. All 
such values of n (mod 210) with the corresponding values of m (mod 30) 
and u are listed in columns (1), (2), and (3) of Table I, where the values of 
m and u are chosen in such way that N(u)~ 6 by Theorem 6 and 
(m, 30) = 1 and therefore, by Theorem 6, N(m § 30t) >~ 6, t = 0, 1 ..... 
If, moreover, m ~> u, i.e., if n is greater than the corresponding integer in 
column (4), then the conditions of Theorem 8 are satisfied for k = 7 and 
consequently N(n) ~> 5. For values of n which do not exceed the integer 
in column (4) but are greater than the corresponding integer in column (5), 
the proof of N(n) >~ 5 is given in column (6). For n obtaining the values of 
column (5), either N(n) < 5, or it is not known whether N(n) >~ 5. 
However, the greatest integer in column (5) is 62, which proves our 
theorem. 
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THEOREM 12. I f  n > 51, then N(n) >~ 3. 
PROOF: Considering Theorem 11 and column (5) of  Table I it remains 
to be proved that N(v) ~ 3 for v = 52, 54, 55, 60, 62. For v = 62 we prove 
that 62 ~ B({5, 7, 8, 9), 1); consider EG(2, 8), delete the points axa,  a2.1, 
a3a and adjoin an additional point (oo) to a family of  parallel ines, which 
are not the columns. By Theorem 7 follows N(62) ~> 3. For other values 
of  v we have 60 = 7.8 + 4 and, by Theorem 8, N(60) ~> 3; 55 = 5.11 
(Th 6); 54 = 7.7 + 5 (Th 8); 52 = 4.13 (Th 6). This completes the proof. 
4. 29 MUTUALLY ORTHOGONAL LATIN SQUARES 
In the previous section we gave estimates for n5 and n3 and proved 
that n5 ~< 62 and nz <~ 51. These estimates eem to be pretty good and 
it is unlikely that with the known methods they could be considerably 
improved. On the other hand we give in Theorem 13 some rather rough 
estimate for n20 9 There is little doubt that, using some simple arithmetics, 
this estimate could easily be improved. 
THEOREM 13. I f  n > 34, 115, 553 then N(n) >~ 29; moreover i f  n is 
even and n > 2,733,666 then also N(n) ~ 29. 
PROOF: Let P = 2.3.5.7 = 210, P '  = 3.5.7 = 105, 
Q = 11.13.17.19.23.29 = 30, 808, 063. 
Our aim will be to put n in the form 
n = 31m+u, (m,  PQ) = 1,(u, eQ)  = 1 
n = 31m + 32u, (m, eo) = 1, (u, P'Q) = 1 
if n =-- 0 (mod 2), 
if n ~ 1 (mod2). 
This achieved we shall have, for even n, N(u)>~ 30 and, for odd n, 
N(32u) ~> 30; further N(m) >~ 30 and clearly N(31) = 30. I f  moreover 
m >~ u then from Theorem 8 will follow N(n) >~ 29. 
Let n ---- 31m I +- u 1 where ml is odd and 31 ~< Ux ~< 92. The proof  will 
be given separately for n even and for n odd. 
(a) Let n be even, i.e., Ul be odd. For each ul(ux = 31, 33 ..... 91) we 
find a set T(ua) of  non-negative integers such that for, every t ~ T(ua), 
(ua + 31t, P) = 1 and that for every ul and every ml there exists t ~ T(ul) 
satisfying (ml --  t, P)  = 1. The sets T(ux) are given in the second column 
of Table II. The integers u2 = ua + 31t, t ~ T(uO are given in the third 
column of Table I I  and it is easily checked that they are relatively prime 
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TABLE II 
ul t us S(u~) 
31 0 31 0 1 2 3 5 7 8 
10 341 2 3 5 6 7 9 10 
12 403 1 2 3 4 5 7 8 
16 527 1 3 4 6 7 8 9 
18 589 1 2 4 5 6 7 8 
22 713 1 2 3 4 6 7 9 
33 4 157 0 1 2 3 5 6 8 
8 281 0 1 2 4 5 6 8 
14 467 0 1 2 3 5 9 I0 
16 529 1 4 7 8 9 10 11 
20 653 0 3 4 5 6 8 9 
28 901 1 2 3 6 7 8 9 
35 2 97 0 1 4 5 6 7 8 
6 221 1 2 3 4 5 8 10 
8 283 0 1 2 3 5 6 7 
12 407 1 3 4 5 6 8 9 
18 593 0 1 2 3 4 8 9 
26 841 1 2 4 5 6 7 9 
37 0 37 0 1 4 5 6 7 10 
6 223 0 1 3 4 6 8 9 
10 347 0 1 2 4 5 6 8 
12 409 0 3 4 7 8 9 10 
16 533 1 2 3 4 5 7 9 
22 719 0 I 3 4 6 7 8 
39 2 101 0 2 3 4 5 6 7 
4 163 0 1 2 3 4 5 6 
10 349 0 3 5 6 7 10 12 
14 473 1 2 3 4 5 7 8 
20 659 0 1 2 4 6 7 9 
28 907 0 1 3 4 5 7 9 
41 0 41 0 1 2 3 6 8 9 
2 103 0 5 6 7 8 9 10 
8 289 2 3 4 5 8 9 11 
18 599 0 1 2 3 5 6 7 
20 661 0 1 2 3 4 5 7 
36 1157 2 3 4 5 6 7 8 
43 0 43 0 1 2 4 6 7 8 
4 167 0 2 3 4 5 6 7 
6 229 0 2 3 4 5 6 9 
10 353 0 1 2 3 4 8 9 
18 601 0 2 3 4 5 7 8 
28 911 0 1 2 3 4 5 6 
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TABLE II (continued) 
ul t u2 S(u2) 
45 2 107 0 2 3 6 7 9 10 
4 169 1 3 4 5 6 7 8 
8 293 0 1 2 3 5 7 8 
14 479 0 2 5 7 9 10 12 
16 541 0 2 3 5 6 8 10 
22 727 0 1 2 3 5 7 8 
47 0 47 0 1 2 3 5 6 8 
2 109 0 1 3 4 8 9 10 
6 233 0 3 5 6 7 8 9 
12 419 0 2 3 4 5 7 8 
14 481 1 3 6 7 8 10 11 
20 667 1 2 5 6 7 8 11 
49 4 173 0 1 2 5 6 7 8 
10 359 0 1 3 4 5 6 8 
12 421 0 2 3 4 5 8 9 
18 607 0 2 4 5 6 7 9 
22 731 2 3 6 7 9 10 11 
24 793 1 3 4 5 7 8 9 
51 2 113 0 1 4 5 6 9 10 
8 299 3 4 5 6 7 8 9 
10 361 1 2 3 5 6 8 9 
16 547 0 1 2 6 7 8 10 
20 671 1 2 3 4 5 6 I0 
28 919 0 2 4 5 6 7 8 
53 0 53 0 1 3 4 5 6 7 
6 239 0 2 3 5 8 9 10 
14 487 0 1 3 4 5 6 8 
18 611 1 2 5 6 7 8 9 
20 673 0 2 3 4 5 6 7 
26 859 0 1 2 3 4 5 8 
55 4 179 0 1 2 3 4 6 8 
6 241 0 1 2 4 6 7 8 
16 551 2 3 4 5 8 9 10 
18 613 0 2 3 6 7 9 10 
22 737 1 2 4 5 7 8 9 
24 799 1 4 5 7 8 10 13 
57 4 181 0 1 2 5 6 7 9 
10 367 0 3 4 5 6 7 8 
14 491 0 1 2 3 4 6 7 
20 677 0 1 2 4 5 6 7 
22 739 0 2 3 4 5 6 7 
26 863 0 1 2 3 4 5 7 
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TABLE  1I (continued) 
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ux t u2 S(u2) 
59 0 59 0 1 4 5 6 7 9 
2 121 3 4 5 6 7 8 9 
8 307 0 2 3 4 6 8 9 
12 431 0 2 3 4 7 8 9 
14 493 1 2 3 5 6 7 9 
18 617 0 1 3 7 8 9 10 
61 0 61 0 1 2 4 5 7 9 
6 247 2 3 4 5 7 10 11 
12 433 0 1 3 5 6 7 9 
16 557 0 1 2 3 4 5 6 
22 743 0 1 2 4 6 8 9 
28 929 0 1 3 4 5 6 7 
63 4 187 1 2 3 4 7 8 9 
8 311 0 2 3 6 8 9 10 
10 373 0 1 2 4 6 7 8 
16 559 1 2 3 4 5 6 7 
20 683 0 1 2 4 5 9 10 
26 869 1 3 4 6 7 9 10 
65 2 127 0 1 2 4 5 6 7 
6 251 0 1 3 4 5 7 8 
8 313 0 1 2 3 5 6 10 
12 437 1 2 3 5 6 8 9 
14 499 0 1 3 4 5 8 9 
24 809 0 2 4 5 6 8 9 
67 0 67 0 1 3 4 7 8 9 
4 191 0 1 6 7 8 9 10 
6 253 1 3 4 5 6 7 8 
10 377 1 2 4 6 8 9 10 
12 439 0 1 2 4 6 7 9 
16 563 0 3 4 5 6 7 8 
69 2 131 0 2 3 4 6 8 10 
4 193 0 1 2 4 5 7 10 
8 317 0 1 2 3 4 7 8 
10 379 0 1 2 3 6 7 9 
14 503 0 1 2 5 6 7 8 
22 751 0 1 2 4 5 6 9 
71 0 71 0 1 4 5 6 7 9 
6 257 0 1 3 4 5 6 7 
8 319 1 2 4 5 6 7 8 
12 443 0 2 3 4 5 6 8 
20 691 0 2 3 4 6 7 8 
26 877 0 1 3 5 6 7 8 
582]8/3-2 
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TABLE  II (continued) 
ul t u2 S(u2) 
73 0 73 0 2 3 4 6 8 10 
4 197 0 2 3 4 6 7 8 
10 383 0 1 3 4 5 6 7 
16 569 0 1 2 3 5 9 10 
18 631 0 1 3 4 5 7 8 
24 817 2 3 4 5 6 9 12 
75 2 137 0 2 3 4 5 7 9 
4 199 0 1 2 3 5 7 9 
8 323 1 3 4 5 6 7 9 
14 509 0 1 2 4 6 8 9 
16 571 0 1 2 3 6 7 8 
28 943 2 3 5 6 7 9 10 
77 2 139 0 1 2 4 5 6 7 
6 263 0 2 3 6 7 9 10 
12 449 0 1 2 3 4 5 6 
20 697 1 3 4 5 6 8 9 
24 821 0 1 2 3 4 8 10 
26 883 0 1 2 3 5 6 8 
79 0 79 0 2 3 4 5 6 7 
10 389 0 1 3 5 6 7 8 
12 451 1 4 5 6 7 8 10 
22 761 0 2 3 4 5 6 7 
24 823 0 1 2 3 4 6 8 
28 947 0 1 2 3 4 7 10 
81 2 143 1 2 3 4 5 6 8 
10 391 1 2 4 5 6 8 10 
16 577 0 2 3 4 5 7 9 
20 701 0 1 2 3 5 6 7 
26 887 0 2 4 6 7 8 12 
28 949 1 2 3 4 5 6 9 
83 0 83 0 2 4 5 7 8 10 
6 269 0 1 2 4 5 6 9 
8 331 0 1 3 4 5 7 9 
14 517 1 2 3 4 5 8 9 
20 703 1 2 3 4 7 8 11 
24 827 0 2 3 ~ 5 6 8 
85 4 209 1 2 3 4 6 7 8 
6 271 0 I 2 3 4 6 7 
12 457 0 1 2 4 6 7 8 
18 643 0 3 4 6 7 9 12 
22 767 3 5 6 7 8 9 10 
28 953 0 2 3 4 5 6 7 
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TABLE 1I (continued) 
265 
ul t us S(uz) 
87 2 149 0 1 4 6 7 9 10 
4 211 0 2 4 5 6 8 9 
10 397 0 1 2 3 4 5 7 
14 521 0 1 3 4 5 6 7 
22 769 0 2 3 6 7 8 9 
26 893 2 5 6 7 8 10 11 
89 
91 
2 151 0 1 2 3 5 6 9 
12 461 0 1 3 4 6 7 8 
14 523 0 4 5 7 8 9 10 
18 647 0 2 3 4 5 6 7 
20 709 0 1 2 3 5 6 7 
30 1019 0 1 2 3 4 5 7 
10 401 0 1 2 4 5 6 7 
12 463 0 2 3 5 8 9 10 
16 587 0 1 3 4 6 7 8 
18 649 1 2 5 6 7 8 9 
30 1021 0 3 4 5 6 7 8 
40 1331 1 2 4 7 8 9 10 
46 1517 0 2 6 7 8 9 10 
to P. In  order  to prove the existence o f  t e T(ul) satisfying (ml - -  t, P )  = 1 
it is sufficient to check it for  ml  (mod 210) and for each ul 9 Tak ing the 
suitable t for given Ul and ml we obta in  n = 31m2- t -u2 ,  where 
m2= ml - - t ,  u2 = u l §  1, and(u~,P)= 1. 
For  each us so obta ined we find a set S(u2) of  7 non-negat ive integers no 
two of  which are congruent  modu lo  11, 13, 17, 19, 23, or  29 and such that  
(u2 + 31Ps, Q) = 1 for  every s ~ S(us). The sets S(u2) are given in Table II. 
Cons ider ing that  Q is the product  o f  the six ment ioned  primes, there 
exists for every us and every m2 an integer s E S(us) such that  
(ms -- Ps, Q) = 1. 
Using this s we obta in n = 31m + u, where m = m s --  Ps, u = u2 + 31Ps, 
(m, PQ)  = 1, and (u, PQ)  = 1. Accord ing ly ,  i f  m >~ u, N(n) >~ 29. The 
largest value o f  u is obta ined for  Ul = 55, t = 24, s = 13. In  this case 
u = 85429 and N(n) >~ 29 for m > 85427, i.e., for n > 2,733,666. 
(b) Let  n be odd, i.e., Ux be even. Put  mx '=m~--u~+32 and 
ut '=  U l -  31. We obta in  n = 31mr' + 32ut' where mx' is odd and 
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u~' = 1, 3 ..... 61. For  each ul '  we find a set T'(u~') of  non-negat ive integers 
(see third co lumn of  Table I I I )  such that, for every t' ~ T'(u~'), 
(u l '+  31t ' ,P ' )  = 1 
and for every ul'  and every ml '  there exists t '6  T'(u~') satisfying 
(m~' - -  32t',  P )  ~ 1. Tak ing the suitable t '  for  given u~' and m~' we obta in 
n = 31m2' + 32u2' where m2' ~ ml '  - -  32t',  u2' = ul'  q- 31t' ,  (m2', P )  = 1, 
and (u2', P ' )  z 1. 
For  each u2' so obta ined we find a set S(u2') of  7 non-negat ive integers 
not  greater than 10 (consequent ly  no two of  them are congruent  modu lo  
11, 13, 17, 19, 23 or  29) such that (u2' -r  31P's,  Q) = 1 for every s E S(u2'). 
The sets S(u~') are given in Table  II I .  Clearly, for  every us' and every ms' 
there exists s ~S(us ' )  such that  (ms ' - -  16Ps, Q) = 1. Us ing  this s we 
obta in n = 31m§ where m ~ ms' - -  16Ps, u = us' + 31P's, 
(m, PQ)  ~ 1, and (u, P 'Q)  = 1. Accordingly ,  i f  m ~ 32u, N(n) ~ 29. 
The largest va lue o f  u is obta ined for Ul = 84, u~' = 53, t '  = 23, s = 10. 
In this case u = 33,316 and N(n) ~ 29 for m > 1,066,111, i.e., for 
n > 34,115,553. 
TABLE II l 
ul ul" t" u~" S(u2') 
32 1 1 32 0 2 3 6 7 8 9 
3 94 0 3 4 5 7 8 9 
6 187 1 2 3 4 5 6 7 
10 311 0 1 4 5 6 7 9 
12 373 0 1 2 3 4 5 7 
13 404 0 1 2 3 4 6 7 
34 
36 
3 1 34 2 3 4 5 6 8 9 
4 127 0 2 3 4 5 7 8 
5 158 0 1 2 3 5 7 8 
8 251 0 1 2 3 5 6 8 
10 313 0 1 2 3 4 6 7 
14 437 2 3 4 5 6 9 10 
5 2 67 0 2 3 5 6 8 9 
8 253 1 2 3 5 6 7 8 
9 284 0 1 2 4 6 8 10 
11 346 0 2 3 4 6 7 8 
18 563 0 3 5 6 8 9 10 
21 656 0 1 2 5 6 8 9 
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TABLE I i I  (continued) 
ul ul' t' u2" S(u2') 
38 7 1 38 1 2 3 4 6 
4 131 0 1 3 4 6 
6 193 0 1 2 4 7 
9 286 1 2 4 5 6 
10 317 0 2 3 4 6 
12 379 0 2 3 4 6 
40 9 2 71 0 1 2 3 7 
7 226 0 1 2 3 4 
8 257 0 1 2 3 5 
10 319 1 2 3 4 5 
14 443 0 1 4 6 7 
19 598 1 2 3 5 7 
42 11 0 11 2 4 6 7 8 
2 73 0 3 4 5 6 
5 166 0 2 3 5 6 
6 197 0 1 4 6 7 
11 352 1 2 3 4 6 
12 383 0 2 3 5 6 
44 13 0 13 3 4 5 6 7 
1 44 1 5 6 7 8 
3 106 0 1 2 3 4 
4 137 0 1 3 4 6 
6 199 0 2 3 4 5 
10 323 1 2 5 6 7 
46 15 4 139 0 1 2 3 4 
7 232 2 4 6 7 8 
8 263 0 1 4 5 6 
11 356 0 2 5 6 7 
13 418 1 2 4 5 6 
14 449 0 1 2 3 4 
48 17 0 17 1 2 3 4 5 
2 79 0 1 4 6 7 
9 296 0 1 2 3 4 
11 358 0 1 3 4 5 
12 389 0 1 2 3 5 
14 451 2 3 5 7 8 
50 19 0 19 1 2 3 5 6 
4 143 1 2 3 4 5 
7 236 0 1 2 3 4 
9 298 0 4 5 6 7 
12 391 1 2 3 4 7 
13 422 0 1 2 3 5 
9 10 
8 9 
8 10 
7 8 
7 8 
7 9 
8 9 
7 9 
6 7 
8 10 
8 9 
9 10 
9 10 
8 9 
7 8 
8 9 
8 I0 
7 8 
8 10 
9 10 
5 6 
7 8 
6 9 
8 9 
8 9 
9 10 
7 9 
8 9 
7 8 
5 6 
8 9 
8 10 
5 7 
7 8 
6 7 
9 10 
7 9 
6 7 
6 7 
9 10 
8 9 
8 9 
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TABLE  III (continued) 
ul ux" t" u2" S(u25 
52 21 2 83 0 1 3 4 5 7 8 
5 176 1 2 3 4 5 6 7 
10 331 0 2 3 6 7 8 9 
11 362 0 1 2 4 5 6 7 
13 424 0 2 4 5 7 8 9 
16 517 2 3 4 5 6 7 8 
54 23 0 23 2 3 4 6 7 8 9 
3 116 1 2 3 4 5 7 9 
5 178 0 1 3 4 5 7 8 
6 209 1 2 3 4 6 7 8 
8 271 0 1 2 4 5 6 8 
14 457 0 2 4 5 7 8 9 
56 25 3 118 0 1 2 3 4 6 7 
6 211 0 1 4 5 7 8 9 
7 242 2 3 5 6 7 9 10 
9 304 1 2 3 4 5 6 8 
13 428 0 2 3 4 5 7 9 
16 521 0 1 2 3 6 7 8 
58 27 1 58 1 2 5 6 7 8 9 
2 89 0 2 4 5 7 9 10 
4 151 0 2 3 4 5 6 7 
7 244 0 1 3 4 5 6 7 
11 368 1 3 4 6 8 9 10 
14 461 0 1 2 3 5 6 7 
60 29 0 29 1 3 4 5 6 8 9 
3 122 0 2 3 4 7 8 10 
5 184 2 3 4 5 6 7 9 
8 277 0 1 3 4 5 8 9 
12 401 0 1 2 4 7 8 10 
14 463 0 3 4 5 6 7 9 
62 31 0 31 0 1 2 3 4 5 6 
1 62 0 1 2 3 4 6 8 
3 124 0 1 2 4 6 7 8 
7 248 0 1 2 4 7 8 9 
10 341 3 4 5 6 7 9 10 
12 403 1 2 3 4 5 6 8 
64 33 1 64 0 1 3 4 5 6 7 
4 157 0 1 2 4 6 7 9 
5 188 0 3 5 6 7 8 9 
8 281 0 2 3 4 5 8 9 
11 374 2 3 4 5 6 7 8 
19 622 0 1 2 5 7 8 9 
25 808 0 2 3 4 6 7 8 
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TABLE  I l i  (continued) 
269 
u~ u/ t" u/  S(u23 
66 35 2 97 0 1 2 3 5 8 10 
3 128 0 2 5 6 8 9 10 
6 221 2 3 4 5 6 7 8 
8 283 0 2 3 4 6 7 10 
9 314 0 1 2 3 4 5 7 
11 376 0 1 3 5 6 9 10 
68 37 
70 39 
72 41 
74 43 
76 45 
0 37 0 1 2 5 7 8 9 
1 68 1 3 4 5 6 7 8 
6 223 0 1 2 5 6 7 8 
7 254 0 3 4 5 6 7 8 
9 316 0 1 2 4 5 6 9 
10 347 0 1 2 3 4 5 7 
2 101 0 1 3 4 6 7 8 
4 163 0 1 2 4 5 6 7 
5 194 0 1 2 4 5 6 9 
13 442 1 3 4 5 6 7 8 
14 473 1 2 3 4 5 6 8 
19 628 0 2 4 5 6 8 10 
28 907 0 1 2 6 7 8 9 
0 41 0 1 2 3 4 5 6 
3 134 0 1 4 5 6 9 10 
6 227 0 1 2 3 5 8 10 
8 289 1 4 5 6 7 8 9 
11 382 0 1 2 3 4 5 7 
15 506 1 2 3 4 5 6 7 
17 568 0 1 2 3 4 5 8 
0 43 0 2 3 4 5 8 9 
1 74 0 1 2 3 4 5 7 
3 136 1 2 3 5 6 7 8 
4 167 0 4 5 6 8 9 10 
6 229 0 4 5 6 7 8 10 
10 353 0 2 3 4 5 6 8 
1 76 1 2 4 5 6 7 8 
2 107 0 1 3 4 5 6 7 
4 169 1 2 3 5 6 8 10 
8 293 0 1 2 3 4 6 10 
11 386 0 2 3 4 5 8 9 
16 541 0 3 4 5 6 7 9 
19 634 0 1 3 4 5 6 8 
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TABLE III (continued) 
ul u~' t' u~' S(u~3 
78 47 0 47 0 2 4 5 6 7 
2 109 0 2 3 5 6 7 
5 202 0 1 2 3 5 6 
6 233 0 1 3 5 6 9 
9 326 0 1 2 3 4 8 
11 388 0 1 2 4 7 8 
80 49 
82 
84 
86 
88 
10 
8 
7 
10 
10 
9 
51 1 
2 
7 
10 
17 
20 
23 
53 0 
5 
6 
14 
18 
23 
55 1 
3 
4 
7 
9 
21 
57 1 
4 
5 
7 
11 
14 
82 0 1 2 3 4 6 8 
113 0 1 2 7 8 9 10 
268 0 2 3 5 7 8 10 
361 1 2 3 4 5 6 7 
578 1 2 3 7 8 9 10 
671 2 3 4 5 6 7 8 
764 0 1 2 3 4 6 7 
53 0 1 2 3 6 8 10 
208 1 2 3 4 5 6 7 
239 0 1 3 4 6 7 9 
487 0 1 2 6 7 8 9 
611 1 2 3 4 5 7 10 
766 0 1 3 4 5 6 10 
86 0 3 4 5 6 7 8 
148 0 1 2 4 6 8 9 
179 0 2 4 6 7 8 9 
272 1 2 3 4 5 6 7 
334 0 1 3 7 8 9 10 
706 0 3 4 5 6 8 10 
88 1 2 3 5 7 9 10 
181 0 1 2 3 4 7 9 
212 0 1 2 4 5 6 8 
274 0 1 2 3 6 7 8 
398 0 3 4 5 6 7 8 
491 0 1 2 3 4 5 6 
3 142 0 1 2 3 4 5 6 
4 173 0 1 2 3 4 5 9 
9 328 0 1 3 4 5 6 8 
10 359 0 2 3 5 6 8 9 
12 421 0 1 4 5 6 7 8 
13 452 0 2 4 5 6 8 9 
ON THE NUMBER OF ORTHOGONAL LATIN SQUARES 
TABLE III (continued) 
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u~ ux" t' u2' S(uz3 
90 59 0 59 0 1 2 3 5 7 8 
2 121 1 3 5 6 8 9 10 
3 152 1 2 3 4 5 7 8 
5 214 0 1 2 6 7 8 10 
9 338 1 2 3 4 5 6 9 
14 493 1 2 4 5 6 7 10 
92 61 0 61 0 1 2 4 5 7 8 
1 92 1 2 3 6 7 8 9 
6 247 3 4 6 7 8 9 10 
7 278 0 1 2 4 5 6 7 
12 433 0 1 2 3 5 6 9 
16 557 0 1 2 4 5 6 8 
22 743 0 1 2 3 4 5 8 
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